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9 Typical data questions

e What is the best estimate for a model parameter x given
the available data?

o How confident are we about the value of model parameter
X?

e Is this particular set of data consistent with a given
hypothesis or model?

e To answer these we use probability and statistics

T USED 0 THINK THEN I TOOK A | | SOUNDS LIKE THE
CORRELATION MPUED STATISTICS CLASS. CLASS HELPED.
CAUSATION. Now I DON'T. WELL, MAYBE

07 15919
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9 Basic terminology - |

e Discrete variable: maps the sample space to a countable
set with probability >0

o Continuous variable: maps the sample space to a
noncountable set with probability of any specific value =0

o Cumulative distribution function, F(x): gives the probability
that a variable X has a value less than or equal to x

e Probability density function, f(x): for a continuous variable:

F(x)= [ f(n)dy ‘

o Significance: a measure of how unlikely the result of a
hypothesis test is to have occurred by change. The p-value
is the probability of observing a result at least as extreme
as the test statistic.
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9 Basic terminology - Il

e Outlier: a data point that is distant from other data points

e Nonparametric: methods that do not involve parametric
assumptions or require the data to belong to a particular
parametric family of distributions

e Robust estimator: insensitive to slight deviations
e Prior: probability before any evidence is taken into account

e Posterior: probability after relevant evidence taken into
account

o Marginalizing: the distribution of a subset of variables in a
multidimensional distribution

p(0)= [ p(x.y)dy = p(x|y)p(y)dy
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Basic terminology - Il

e Covariance: A measure of how much two random variables
change together

o Estimator bias: the difference between the expected value
of an estimator and the true value of the parameter

e Interpolation: Using a model fit to observed data
to estimate values within the observed range

o Extrapolation: Using a model fit to observed data
to estimate values outside the observed range

o Heteroscedastic: A sample of variables where the

My HOBBY: EXTRAPOLATING
dispersion varies between subsamples

AS YOU CAN SEE, BY LATE
NEXTMONTH  YOU'LL HAVE
OVER FOUR DOZEN HUSBANDS,

BETTERGETA
BULK RATE ON
% WEDDING CAKE.
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9 Descriptive statistics - |

oy

6

Location — some notion of a central value
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Scale — some notion of spread or dispersion
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O Descriptive statistics - |l

Shape — some notion of asymmetry or peakedness
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Skew Kurtosis L

15

1+ xx
x x

05

kurtosis

0

}(x"") h(x)dx j(x‘“)4h(x)dx—3

O O

—00 —oo 05| . x

A1 b

15 Cepheids

L-moments T s 0 s 3 s 2

-1
_ | r=1
)Lr=r1( ’: ) E (1) P

Graczyk & Eyer (2010)
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e L-mean, L-scale, L-skew, L-kurtosis
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Descriptive statistics - |l

Statistical measures characterize particular patterns of behaviour
o Spatial statistics to quantify clustering and structure:

— Density estimation

— Correlation function

— Power spectrum

e Temporal statistics to describe time:

Variability
Periodicity
Autocorrelation
Stochasticity
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9 Distributions - |

Uniform (top-hat, box) 0
1 e
f(x)= fora<x<b |
b-a
o Important for simulations and sampling ° # ° ~*
Gaussian e
i \ | ke e =
1 —(x-pu)’ @ [\ hme=
= exXp| ————— 2
f(x) . p( 75? ) ; /\\/ \
SN NS
o Most significant distribution in science
Poisson

p(x=k) = %exp(—m

e Distribution of number of photons
in a given interval
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9O Distributions - Il

Gamma B

fon X< exp(—x/0) =
Hkr(k) s/’/“;xf,\\\\ 200 -

Beta ANSSS NN

_ L(@a+ph) Bl
0= Fr ™40 AR

e Random variable limited to intervals of finite length
Generalized extreme value (Gumbell, Frechet, Weibull)

| (1+(’“‘“)§)_yg if £=0

o

exp(_(x_‘u)) if £=0
O

Jx)= lf (x)"" exp(-t(x)) where #(x) =1
o
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Linear regression (trends)

y=Xpf+e .
Ordinary least squares ‘1 ‘1<
3=(X"X) X"y =(Sxx') -
p= y= XX, XYi] - : .
S S Lo : = e g

Thiel-Sen B ! e
) oy . N )
B=med| L

X=X,

Gaussian process (kriging)

o Best linear unbiased predictor with squared-exponential
covariance function

N(M,Z) ,u=K,Ky ; 2=K,, - KKK,

05 1

1 05

8O
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9 Confidence intervals

P(X, <0<X,)=1-a

Jackknife
0,=0,+A0

1 @
AO = (N - - —
(N-1)|6, NE@
Bootstrapping
1 N
f(x)=—25(x—xi)
Ni=1

o Selectj new values from data set {x } B times with replacement
o Distribution of values gives confidence estimates
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Frequentist vs. Bayesian

Frequentist:

o Relative frequencies of events

e A 95% confidence interval is the range
in which the mean will occur 95% of
the time with repeated sampling

e Only based on data
Bayesian:

o Degree of subjective belief

e A 95% credible interval says that 95%
of the population lies in that interval

e Incorporates information from prior

Matthew J. Graham
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DID THE SUN JUST EXPLODE?

(ITS NIGHT, S0 WERE NOT SURE.)

THIS NEUTRINO DETECTOR MERSURES
WHETHER THE SUN HAS GONE NOVA.

( THEN, TROLLS TWO DICE.. |F THEY

BOTH COME UP SiX, IT UES TO US.
OHERWISE,, FFIHJ.STI-ERUIH.
LETS TRY.

CEBTIOR! HAS THE
a»vmmm

MM

FREQUENTIST STATISTICIAN: BAYESIAN STATISTIOAN:

THE PROBABILITY OF THIS RESULT

HAPPENING BY CHANCE 15 3,002 BET YOU $50
GNCE p<0.05, T CONCLUDE IT HANT
THPCT'FE SUN HAS EXPLODED.

Taa
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O Histograms

Optimal bin width

=100%

©
?ﬂ 9 — Height=(rel. freq)/(bin width)
©
ER
3 5 O 2 IQR 2 & Area of bin
. ‘5 i
Q Or s 2 proportional to
— — _—— - - .
5 ] relative frequency|
X y y 2 = of observations
3 3 e 2 in the bin
n n I
o o
g R
- &
§ g ||||||||||
T+ “"fHfTm!T7m T MM
£ Th eeds a scale and unit

Uneven widths

e Minimum number of data points per bin: 5or 11

Bayesian blocks

e For each block:

F(N,,T))=N.(logN, -logT)
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9 Sample an arbitrary 1D distribution

e Construct cumulative distribution function
e Invert and fit with spline
e Sample randomly over [0, 1]

Input data distribution
300

| | | |
-3 -2 -1 0 1 2 3
T

. Inverse Cuml. Distribution .
3 T T -0 T
1 /- ol
1 - 4 4k

5

=
0+ = :

- 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
pl<z)
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9 Goodness-of-fit

Chi-squared 1
, 19 (0-EY Z s
2T
Kolmogorov-Smirnov o
‘T 04f
D, =sup|F,(x)- F(x)| § o
Quadratic tests 0
-4 2 ;)( 2 4

n [[(F,(x)- F(x)) w(x)dF(x)

—00

w(x) I

= Anderson-Darling
F(x)(1-F(x))

Information criterion

2k(k+1)
N-k-1

Matthew J. Graham

2In(L(M))+ 2k + (AIC); =2In(L(M))+kInN (BIC)
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9 Method of moments

()= [ f(x)dx

n
A _1 k
Uy =— )X
LN E

Example
« Exponential distribution: f(x)= Aexp(-Ax)
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¢ Maximum Likelihood Estimation (MLE)

e The likelihood of the data set {x.} is:

Mon. Not. R. Astron. Soc. 335, 151-158 (2002)

Maximum-likelihood method for estimating the mass
— p X . — p x . and period distributions of extrasolar planets

Serge Tabachnik* and Scott Tremaine
Princeton University Observatory, Peyton Hall, Princeton, NJ 08544-1001, USA

Received 2002 January 16

ABSTRACT

I=InL = ﬁln(p(xi‘M(H)))

e The maximum likelihood estimator of a parameter 0 is
iven by:

00
e MLE is the most probable Bayesian estimator given a flat
prior for O

0
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MLE example

e Consider the power law (Pareto) distribution:

ax,
p= a+l
X
L= axl sl=nlna+nalnx —(a+1)zlnx
=1 ’xia =1
e MLE:
0l

= +n1nx Inx, =0
o0 « E

Matthew J. Graham Aug 16. 2014



23

9 The Monty Hall problem

A
Case 1 Gold Goat Goat BorC WIN LOSE
Case 2 Goat Gold Goat C LOSE WIN

Case 3 Goat Goat Gold B LOSE WIN
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9 Bayes’ Theorem

p(A|B) =

p(gold bel

p(goat shown bel

N1NC

p(B|A)p(A)

p(B)

hind A|goat shown behind B) =
| B|gold behind A)p(gold behind A)

24

p(goat shown behind B)

e Better to switch, unless...

Ty

...AND MY YARD HA9 50
MUCH GRASS, AND T'LL
TEACH YOU TRICKS, AND...

Matthew J. Graham



25

9 Bayesian inference

p(O)L(x|6)
> PO)L(|6)

p(6)L(x|6) . .
if 6 1s continuous
[ pw)L(x]u) du e

e p(B]x) is the posterior probability ﬁ\ g %
e p(B) is the prior

if @ 1s discrete

p(6]x) =

e p(u)L(x]u) is the marginal likelihood or evidence
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9 Choice of priors

Flat or non-informative prior
p(@)=const.,a<0<b
Scale-invariant prior
p(0) 07" -. p(InO) x const.

Maximum entropy priors

e Known mean and variance: Gaussian
o Known mean: exponential

Data-based priors

26

Prior Likelihood
P(E) P(I|E)
l |
v -

Banes

Probability Revisor

i

Posterior
P(EII)

o« Gamma distribution gives significant probability to a broad

range of values

Matthew J. Graham
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9 Markov Chain Monte Carlo (MCMC)

10)= [ 3(0)p(©)d0 ~-2 3 5(6,)p(0))

o A Markov chain is a sequence of possible states where the prob.
of a given state at time t only depends on the state at time t-1

e With such a chain of length M: it aet RandamNomber ()

return Y: // chosen by fair dice roll.

1 M
I R g(@ ) // quaranteed to be random.

e The transition probabilities must not change the distribution:
p(0)= Y T(y,0)p(0)
y

e The chain must also be reversible (detailed balance condition):

p(O)T(6,6") = p(6)T(6',6)
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o MCMC -1

. Since Y T(6.y)=1: Y POT(3,0) = p(x)

Metropolis-Hastings algorithm
e A proposal distribution q(x) of an arbitrary form

e Sample x" from q(x.| x. ;)
e Sample u from the uniform distribution

PG|

p(xi)Q(X*

o If u<min|l, ,
X;)

otherwise x, = x,

l

e Repeat until ...

Matthew J. Graham Aug 16. 2014
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¢ Practical — | (see Chris Miller’s session)

e Andreon & Hurn (2010), MNRAS, 404, 1922

o Estimate (log) mass of a galaxy cluster from measurements via
caustic analysis involving distances and velocities

p(obslgM200|lgM)p(lgM)
p(obsigM?200)

obslgM200 ~ N(IgM200,07)

IgM200 ~ N(c+14.5+ B(log(n200)-1.5,0> )

a~N(0.0,10%), B ~1,

n200 ~ U(0,), nbkg ~ U(0,0)

I/ T L/ -r
%7’1.2 (8,8)’ /)'szcat (6,8)

Matthew J. Graham Aug 16. 2014
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S Practical - Il

HEY, YOU WANNA PLAY

YOU START W\TH A
THEORY OF How
MUCH YoU SHouLD
DRINWK. THEN You DRNK
THAT MUCM. THEN You

WHAT'GS THAT?

HAVING TAKEDED
THREE DRANKS, T
UPDATE MY THESRY
To FU DRANKS

IN L\GHTER NEWS,
EVERYONE W A
DEPARTMENT OF

STATI\STICAL
MODELING \&
DEAD.

Smbc - comics.com
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